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Inferences of

• Demography (migration rates, divergence 

times, changes in population size, admixture 

proportions)

• Selection (identifying loci under positive or 

negative selection, estimating selection 

coefficients, time of selection)



Change of allele frequencies through time.

Genetic Drift



The picture can't be displayed.

Coalescence theory











Sequence comparisons

Human1 CGC TAT TCC CCG ATT CAG AAT GCC CAG

Human2 CGC TAT TCC CAG ATT CAG AAT GCA CAG

Human3 CGC TAC TCC CCG ATT CAG AAT GCA CAG

Human4 CGC TAT TCC CAG ATT CAG AAT GCC CAG

Human5 CGC TAT TCC CCG ATT CAG AAT GCC CAG

Segregating sites with

Single Nucleotide Polymorphisms (SNPs)



Infinite Sites Model



Assume there are 2N individuals (we model a haploid 
population with N individuals as a diploid population with 
2N individuals).

Probability of having same parent in one generation = 1/2N

Mean number of generations until they have the same 
parent (time to the most recent common ancestor, 
tMRCA) = 2N

Mean number of mutations separating two individuals = 
2N×2×μ = 4Nμ = θ



Tajima’s estimator of 4Nu = θ 

A->B, 1 difference

A->C, 1 difference

B->C, 2 differences
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Coalescence Trees

Population 

processes
Tree DNA data

Mutation



Felsenstein’s Equation
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•Can only be evaluated directly in very simple cases.

•Simulation based approaches are typically used for real 
data.



MCMC
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Set up a Markov chain on state space on all supported values of Q

and G and with stationary distribution p(Q, G | X). Now since

this can easily be done using Metropolis-Hastings sampling, i.e. 

updates to Q and G are proposed from a proposal distribution q(Q , 

G → Q’ , G’)  and accepted with probability
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MCMC algorithms















Some MCMC approaches

• BEAST (Rambaut)

• Various version of IM (Hey)

• MIGRATE (Beerli)



Approximate Bayesian Computation





Then this happened…



Problem 1: Each position in the genome might have 

a unique tree – there are millions of trees!



Likelihood Function
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Challenge

• Full likelihood inference considered intractable 

in samples of n>2 ( but see PSMC).

• Instead, rely on summary statistics/various 

features extracted from the data.

• Examples: p, S, F
ST

, Patterson’s D

• More complex examples: The Site-Frequency-

Spectrum, principle components, features 

extracted by a convolutional neural network.



Principle Component Analysis (PCA)



Structure analysis of 1056 individuals from 52 populations for 377 microsatelite loci. 

Rosenberg et al. (2002)



Frequency spectrum



Africans Site Frequency Spectrum (SFS)



Composite likelihood function

L(Θ) ≡ p j (Θ)( )
n j

j∈Φ

∏

,

Sampling probability of a SNP with site pattern j (a binary 
vector) 

Number of SNPs with pattern j in the data

SNPs within a gene are correlated.  But estimator is 
consistent.  The estimate has the same properties as a real 
likelihood estimator except that it converges slightly slower 
because of the correlation (Wiuf 2006).



Marginal likelihood for a single site
Nielsen (2000)



Estimation
(Nielsen 2000)

p j (Θ) =

E[t]

E[T]

,

x = {3, 2}

T = 5t5+4t4+3t3+2t2.

t = t4+t3+2t2.

t2 t3 t4 t5

Sampling distribution can be 

calculated analytically or using 

simple simulation schemes.



Question

Consider the polarized SFS.  Under the standard 

(Kingman’s coalescent) with n=3, what is the 

probability of the pattern {1, 2} meaning one 

ancestral and two derived alleles?

Hint: the expected time in the tree with i lineages is 2/(i(i – 1))



Question
Consider the polarized SFS.  Under the standard (Kingman’s coalescent) with 

n=3, what is the probability of the pattern {1, 2} meaning one ancestral and 

two derived alleles?

Expected total tree length: 

3×
1

3
+ 2×1 = 3

Expected length of blue edge: 1

P(x ={1,2}) = 1/3



Site Frequency Spectrum



Data

Directly sequenced polymorphism data from 20 
European-Americans, 19 African-Americans and 
one chimpanzee from 9,316 protein coding 
genes (Bustamante et al. 2005).

Objectives

To detect natural selection in individual genes 
using the frequency spectrum.

To account for demography by estimating 
parameters of a demographic model.



Demographic model

European-Americans African-Americans

Bottleneck

Population growth

migration

Admixture



Estimates

European-Americans African-Americans

Bottleneck and growth: 200-fold 
increase in population size

Divergence time: 

75k yrs

Strong effect of migration: M=16 at present



African-Americans 
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European-Americans
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Goodness-of-fit: p = 0.6



Fastsimcoal2



Alternative…
(e.g. Williamson et al. 2005)

Use  dppfpp
x

n
X xnx )|()1()|Pr( Q-÷÷

ø

ö
çç
è

æ
=Q -

ò

The density f(p | Q) can be obtaiened by numerical solution of 

diffusion equations (e.g. Crank–Nicolson approximation).



SFS based infrences

• Simulation (e.g., Fastsimcoal2)

• Numerical solution of diffusion equation (e.g., 

dadi).







Selective Sweeps

New advantageous mutation





Escape by recombination

Selective Sweeps





Coalescence Tree



Coalescence Models

Selective phase

Neutral coalescence tree Coalescence tree with sweep

Escaped lineages



Importance Sampling
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where Gi, i=1,2,…k, has been simulated from h(G).



Stern et al. 2019. bioRxiv http://dx.doi.org/10.1101/592675.
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Stern et al. 2019. bioRxiv http://dx.doi.org/10.1101/592675.
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From Mathieson and Mathieson. 2018. MBE 35:2957–2970. 
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Stern et al. 2019. bioRxiv http://dx.doi.org/10.1101/592675.
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Stern et al. 2019. bioRxiv http://dx.doi.org/10.1101/592675.
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Problem 2: DNA is chopped into short ‘reads’ with high 

error rates



Reverse problem



Data

Learning/

parameter 

estimation

Pseudodata



Frequency spectrum



10X Next Gen. Sequencing data
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Using a fixed cut-off for SNP calling can never produce unbiased 

allele frequency estimates for all values of p.



Maximum Likelihood Estimation

• Assume genotype likelihoods,                   , can be calculated in 
site v, individual d, for all v and d .

• Parameterize the frequency spectrum as P = (p0, p1, …, p2k).

• Likelihood function:
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Nielsen et al. 2012. PloS One 10.1371



Dynamic Programming Algorithm

Nielsen et al. 2012. PloS One 10.1371



Maximum Likelihood Estimation

• The likelihood function can then be expressed as 

• Derivatives can be calculated analytically.

• Algorithm which is quadratic in the number of individuals and  
linear in the number of sites.

• Optimization to eight decimals precision takes < 1 minute for 1 
GB and 60 individuals on one desktop computer.
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Nielsen et al. 2012. PloS One 10.1371



The distribution of true and estimated folded SFS in a sample from 50 MB 10 diploid 

individuals, where 1% of all SNPs are variable in the population and follow a 

distribution of allele frequencies, p, proportional to 1/p.  An error rate of 0.5% is 

assumed.  The mean sequencing depths is 5X. 

5X

Nielsen et al. 2012. PloS One 10.1371



The distribution of true and estimated folded SFS in a sample from 50 MB 10 diploid 

individuals, where 1% of all SNPs are variable in the population and follow a 

distribution of allele frequencies, p, proportional to 1/p.  An error rate of 0.5% is 

assumed.  The mean sequencing depths is 1X.

1X

Nielsen et al. 2012. PloS One 10.1371



50 Tibetan Exomes

Yi, X. et al. 2010. Science 329: 75-78.



Tibetans have approx. constant hemoglobin 
concentrations as a function of increasing altitude 
up to 4000 meters (Beall et al. 2006). 



50 Tibetan Exomes

Yi, X. et al. 2010. Science 329: 75-78.

EPAS1



EPAS1

Genotype

Mean 

hemoglobin

concentration

CC 178

CG 178.9

GG 167.5

EPAS1

Variant frequency 

Tibet

EPAS1

Variant frequency 

Han Chinese

87% 8%

Yi, X. et al. 2010. Science 329: 75-78.



Huerta Sanchez et al. 2014. Nature 512: 194–197 



Denisovans



Denisovan!

Adaptive Introgression

Huerta Sanchez et al. 2014. Nature 512: 194–197 



Introgression

Species 2Species 1



Admixture

Population 2Population 1



Assignment and Admixture

- Multi loci data?

-To which population does an individual 

belong?

- How many groupings should we choose?



Structure analysis of 1056 individuals from 52 populations for 377 microsatelite loci. 

Rosenberg et al. (2002)



Transition to the Neolithic



Transition to the Neolithic









Jade Cheng



Admixture tracts

T = 0

T =1

T = 5

T = 100

Recombination Clock!



Ancestry painting (23andme.com)



Predictions assuming independence



Kostenki

Seguin-Orlando et al. 2014. Science 346: 1113-1118  Andaine Seguin-Orlando et al. 2014.  Science: 346: 1113-1118 



Kostenki

Age ~54,000 years 

Andaine Seguin-Orlando et al. 2014.  Science: 346: 1113-1118 
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Polynesian Expansion



Rapanui
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Moreno-Mayar et al. 2014. Current Biology 24: 2518–2525.
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Moreno-Mayar et al. 2014. Current Biology 24: 2518–2525.
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Moreno-Mayar et al. 2014. Current Biology 24: 2518–2525.


