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Why&esImate&populaIon/species&trees?

•May$be$interested$in$a$phylogeographic$

ques5on,$and$need$a$tree$upon$which$to$

infer$ancestral$loca5ons

• Hypothesis$genera5on$(e.g.,$isola5on$with$

migra5on$models)

• Need$a$tree$for$ABBA/BABA$sta5s5cs

• Interest$in$the$phylogeny/systema5cs$of$a$

group$of$organisms



Invariants&methods&for

phylogeneIc&inference

Phylogene5c$invariants$work$by$examining$paGerns$in$the$

data$in$order$to$determine$whether$they$show$rela5onships$

that$are$predicted$by$par5cular$tree$topologies.

Typically,$invariants$are$linear$or$polynomial$expressions$that$

evaluate$to$specific$expected$values$for$each$possible$tree$topology.$$

By$tabula5ng$site$paGern$frequencies,$we$can$calculate$the$values$

of$the$invariants$and$ask$whether$they$approximate$these$expected$

values.$This$informa5on$allows$selec5on$of$a$preferred$tree,$and$

rejec5on$of$the$other$possibili5es.



Early&work&on&phylogeneIc&invariants

Cavender&and&Felsenstein&(1987)
Quadra5c$invariants$for$2Mstate$data

Lake&(1987)
Linear$invariants$for$4Mstate$nucleo5de$data



Much&subsequent&work&by&mathemaIcians

...&and&many&more



Much&subsequent&work&by&mathemaIcians

Despite'providing'a'great'deal'of'recrea2onal'opportuni2es'for'

mathema2cians/algebraic'sta2s2cians,'these'methods'were'

almost'completely'ignored'by'empirical'evolu2onary'biologists!



Lake’s&linear&invariants

(“EvoluIonary&Parsimony”)

Calculate$similar$terms$Y$and$Z$for$the$trees$((1,3),(2,4))$and$((1,4),(2,3)).

The$true$tree$is$expected$to$take$a$posi5ve$value$for$one$of$X,$Y,$and$Z;$the$

other$two$are$expected$to$be$zero$(i.e.,$the$invariants).

Y$=$F'+'v'M'L'M'N'''''''''''''Z'='G'+'w'M'Q'M'S

(paGerns$not$involving$2$pyrimidines$and$2$purines$are$ignored)

For$the$tree$((1,2),(3,4)),$tabulate$

Then:

For&each&set&of&4&sequences&(quartet):

E$=$fAA|CC$+$fAA|TT$+$fCC|AA$+$fCC|GG$+$fGG|CC$+$fGG|TT$+$fTT|AA$+$fTT|GG

u$=$fAG|CT$+$fAG|TC$+$fCT|AG$+$fCT|GA$+$fGA|CT$+$fGA|TC$+$fTC|AG$+$fTC|GA

H$=$fAG|CC$+$fAG|TT$+$fCT|AA$+$fCT|GG$+$fGA|CC$+$fGA|TT$+$fTC|AA$+$fTC|GG

J$=$fAA|CT$+$fAA|TC$+$fCC|AG$+$fCC|GA$+$fGG|CT$+$fGG|TC$+$fTT|AG$+$fTT|GA

X$=$E'+'u'M'H'M'J

1

2

3

4



Inferring&evoluIonary&trees&using&matrix&rank&

and&the&Singular&Value&DecomposiIon(SVD)

• Allman&and&Rhodes&(2003,&2004)&

• Eriksson(2005)

• Chifman&and&Kubatko&(2014,&2015)

• FernándezUSánchez&and&Casanellas&(2016)

Exploit&the&fact&that&there&are&linear&dependencies&in&

siteUpagern&frequencies&that&are&treeUtopology&

specific&(the&“invariants”)



Site&pagern&frequencies

1 3 5 6

A&tree&for&4&taxa,&which&may&be&a&

subtree&of&a&larger&tree&



Site&pagern&frequencies

G

A A G G



Site&pagern&frequencies

C

C C G C

A A G G



Site&pagern&frequencies

A

C C G C

A A G G

C A A G

.
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.

.

.

.

.

.

.

.
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.



AllmanURhodesUErikkson&invariants&from

Singular&Value&DecomposiIon

For&each&set&of&4&sequences&(quartet),&we&can&count&the&

relaIve&frequencies&of&the&256&possible&site&pagerns

pijkl Taxon A Taxon B Taxon C Taxon D Frequency

1 A A A A pAAAA

2 A A A C pAAAC

3 A A A G pAAAG

4 A A A T pAAAT

・・・ ・・・ ・・・ ・・・ ・・・ ・・・
129 G G G A pGGGA

130 G G G C pGGGC

・・・ ・・・ ・・・ ・・・ ・・・ ・・・
255 T T T G pTTTG

256 T T T T pTTTT



Flagening&matrices

For&each&set&of&4&sequences&(quartet):

Represent$the$paGern$frequencies$by$three$“flaGening$matrices”$(one$for$each$

resolu5on$of$the$quartet):

Flat{1,3},{2,4}(P ) =



















AA AC AG AT CA CC . . .

AA pAAAA pAAAC pAAAG pAAAT pACAA pACAC . . .

AC pAACA pAACC pAACG pAACT pACCA pACCC . . .

AG pAAGA pAAGC pAAGG pAAGT pACGA pACGC . . .

AT pAATA pAATC pAATG pAATT pACTA pACTC . . .

CA pCAAA pCAAC pCAAG pCAAT pCCAA pCCAC . . .
...

...
...

...
...

...
...

...



















.

AllmanMRhodes$and$Eriksson$main$result:

Under'very'general'Markov'assump2ons,'the'flaMening'matrices'are'full'

rank'(16)'for'the'two'incorrect'trees,'but'the'rank'of'the'matrix'

corresponding'to'the'true'is'tree'expected'to'be'4.'

(“rank”$=$number$of$linearly$independent$rows$and$columns)



IntuiIon&on&reduced&rank/linear&dependencies

A C A C

A C C A

C A A C

C A C A

E.g.,$all$4$of$these$site$paGerns$have$

the$same$expected$frequency

f(AC|AC)=f(AC|CA)=f(CA|AC)=f(CA|CA)

True$tree

1 32 4

Incorrect$tree

A A C C

A C C A

C A A C

C C A A

1 23 4

These$paGerns$are$not$all$expected$

to$have$the$same$expected$

frequency$if'they'evolved'on'the'

other'tree

$
f(AA|CC)≠f(AC|CA)≠f(CA|AC)≠f(CC|AA)



Flagenings&for&a&2UState&JukesUCantor&model

AA AG GA GG

AA a

AG

GA

GG a

A

A

A

A

G

G

G

G

=

FlaGening$matrix

for$1,2|3,4



AA AG GA GG

AA a b b

AG b

GA b

GG a

A

A

A

G

A

G

A

A

=

A

A

G

A

G

A

A

A

==

FlaGening$matrix

for$1,2|3,4

Flagenings&for&a&2UState&JukesUCantor&model



AA AG GA GG

AA a b b

AG b b

GA b b

GG b b a

A

G

G

G

G

G

A

G

=

G

A

G

G

G

G

G

A

==

FlaGening$matrix

for$1,2|3,4

Flagenings&for&a&2UState&JukesUCantor&model



AA AG GA GG

AA a b b c

AG b b

GA b b

GG c b b a

A

A

G

G

G

G

A

A

=

FlaGening$matrix

for$1,2|3,4

Flagenings&for&a&2UState&JukesUCantor&model



AA AG GA GG

AA a b b c

AG b d d b

GA b d d b

GG c b b a

A

A

G

G

G

G

A

A

=

FlaGening$matrix

for$1,2|3,4

G

A

G

G

G

G

G

A

==

Flagenings&for&a&2UState&JukesUCantor&model



Some&numbers
3

4

0.1

0.1
1

2

0.1

0.1

0.1

“True”$branch$lengths$

in$expected$

subs5tu5ons/site

0.09300841

0.06135527

0.06135527

0.06811487

0.06135527

0.04672782

0.04672782

0.06135527

0.06135527

0.04672782

0.04672782

0.06135527

0.06811487

0.06135527

0.06135527

0.09300841

pAAAA

pAAAG

pAAGA

pAAGG

pAGAA

pAGAG

pAGGA

pAGGG

pGAAA

pGAAG

pGAGA

pGAGG

pGGAA

pGGAG

pGGGA

pGGGG

Expected$siteMpaGern$

frequencies

AA AG GA GG

AA 0.093008 0.061355 0.061355 0.068115

AG 0.061355 0.046728 0.046728 0.061355

GA 0.061355 0.046728 0.046728 0.061355

GG 0.068115 0.061355 0.061355 0.093008

Expected$flaGening$matrix$for$1,2|3,4

etc.



AA AG GA GG

AA 0.093008 0.061355 0.061355 0.068115

AG 0.061355 0.046728 0.046728 0.061355

GA 0.061355 0.046728 0.046728 0.061355

GG 0.068115 0.061355 0.061355 0.093008

Expected$flaGening$matrix$for$1,2|3,41

2

3

4

0.1

0.1 0.1

0.1

0.1

“True”$branch$lengths$

in$expected$

subs5tu5ons/site

0.09300841

0.06135527

0.06135527

0.06811487

0.06135527

0.04672782

0.04672782

0.06135527

0.06135527

0.04672782

0.04672782

0.06135527

0.06811487

0.06135527

0.06135527

0.09300841

pAAAA

pAAAG

pAAGA

pAAGG

pAGAA

pAGAG

pAGGA

pAGGG

pGAAA

pGAAG

pGAGA

pGAGG

pGGAA

pGGAG

pGGGA

pGGGG

Expected$siteMpaGern$

frequencies
AA AG GG

AA 0.093008 0.061355 0.068115

AG 0.061355 0.046728 0.061355

GG 0.068115 0.061355 0.093008

Delete$redundant$3rd$row$and$column...

fAA,GG$=$MfAA,AA$+$2.62617$fAA,AG'=$0.068115

fAG,GG$=$MfAG,AA$+$2.62617$fAG,AG$=$0.061355

fGG,GG$=$MfGG,AA$+$2.62617$fGG,AG$=$0.093008

Note$that$we$can$now$obtain$the$last$column$

of$the$above$matrix$as$a$linear$combina5on$

of$the$first$two$columns:

∴!matrix!has!only!two!linearly!independent!

rows!and!columns;!rank!is!2

Some&numbers



To&esImate&the&rank,&compute&the&singular&value&decomposiIon&(SVD)&

of&each&matrix:

&&&&&&&&&&&&&&&s&=&[s1,'s2,'s3,&...&s16&].

For&the&true&tree,& s
i
≈ 0

i=5

16

∑ .&Otherwise,& s
i
> 0

i=5

16

∑

EsImaIng&the&rank

Thus,'for'each'of'the'three'trees'for'four'taxa,'we'can'compute'the'

Frobenius'distance'from'each'to'the'nearest'rankV4'matrix:

score = s
i

2

i=5

16

∑

where'the'si'are'the'16'singular'values'resul2ng'from'the'SVD

Then&choose&the&tree&with&the&lowest&score.



The&Singular&Value&DecomposiIon&(SVD)

M = UΣV
T

Decompose&an&iniIal&matrix&into&3&new&ones,&

such&that&mulIplying&the&new&matrices&as&shown&

below&returns&the&original&matrix&exactly



f
12,34

=

0.093008 0.061355 0.061355 0.068115

0.061355 0.046728 0.046728 0.061355

0.061355 0.046728 0.046728 0.061355

0.068115 0.061355 0.061355 0.093008



















=UΣVT

U =

-0.562539 0.707107 0.428427 0

-0.428427 0 -0.562539 -0.707107

-0.428427 0 -0.562539 -0.707107

-0.562539 0.707107 0.428427 0



















,    V =

-0.562539  0.707107 0.428427 0

-0.428427 0 -0.562539 -0.707107

-0.428427 0 -0.562539 -0.707107

-0.562539  0.707107 0.428427 0



















Σ =

0.254578 0 0 0

0 0.024893 0 0

0 0 0 0

0 0 0 0

















 Last$two$singular$values$

are$zero;$rank$=$2

f
12,34

=UΣVT

=

-0.562539 0.707107 0.428427 0

-0.428427 0 -0.562539 -0.707107

-0.428427 0 -0.562539 -0.707107

-0.562539 0.707107 0.428427 0



















0.254578 0 0 0

0 0.024893 0 0

0 0 0 0

0 0 0 0



















-0.562539 -0.428427 -0.428427 -0.562539

 0.707107 0 0  0.707107

0.428427 -0.562539 -0.562539 0.428427

0 -0.707107 −0.707107 0



















=

0.093008 0.061355 0.061355 0.068115

0.061355 0.046728 0.046728 0.061355

0.061355 0.046728 0.046728 0.061355

0.068115 0.061355 0.061355 0.093008



















Check:

✔

The&Singular&Value&DecomposiIon&(SVD)



AA AG GA GG

AA a b b

AG

GA

GG

FlaGening$matrix

for$1,3|2,4

AA AG GA GG

AA a b b c

AG b d d b

GA b d d b

GG c b b a

FlaGening$matrix

for$1,2|3,4

When&the&flagening&corresponds&to&a&

tree&that&did&not&generate&the&data



AA AG GA GG

AA a b b d

AG c

GA

GG

AA AG GA GG

AA a b b c

AG b d d b

GA b d d b

GG c b b a

FlaGening$matrix

for$1,2|3,4

FlaGening$matrix

for$1,3|2,4

When&the&flagening&corresponds&to&a&

tree&that&did&not&generate&the&data



AA AG GA GG

AA a b b d

AG b c d b

GA b d c b

GG d b b a

AA AG GA GG

AA a b b c

AG b d d b

GA b d d b

GG c b b a

FlaGening$matrix

for$1,2|3,4

FlaGening$matrix

for$1,3|2,4

No(redundant(rows;

matrix(is(full(rank((=4)

When&the&flagening&corresponds&to&a&

tree&that&did&not&generate&the&data



When&the&flagening&corresponds&to&a&

tree&that&did&not&generate&the&data

f
13,24

=

0.093008 0.061355 0.061355 0.046728

0.061355 0.068115 0.046728 0.061355

0.061355 0.046728 0.068115 0.061355

0.046728 0.061355 0.061355 0.093008



















=UΣVT

U =

-0.524622 0.707107 0 0.474101

-0.474101 0 −0.707107 -0.524622

-0.474101 0 0.707107 -0.524622

-0.524622 −0.707107 0 0.474101



















,    V =

-0.524622 0.707107 0 0.474101

-0.474101 0 −0.707107 -0.524622

-0.474101 0 0.707107 -0.524622

-0.524622 −0.707107 0 0.474101



















Σ =

0.250629 0 0 0

0 0.046280 0 0

0 0 0.021387 0

0 0 0 0.003950



















All$singular$values$are$nonzero;$
matrix$is$full$rank$(=$4)

Demonstra5on$that$matrix$is$full$rank:



CalculaIon&of&SVD&Scores&(4Ustate&data)

SV (s) 1,2 | 3,4 1,3 | 2,4 1,4 | 2,3

1 0.279686 0.278714 0.278716

2 0.218990 0.219191 0.219191

3 0.109020 0.110392 0.110389

4 0.056873 0.057090 0.057090

5 8.00E-05 0.006875 0.006886

6 6.14E-05 0.006315 0.006305

7 4.93E-05 0.003286 0.003286

8 3.80E-05 0.003244 0.003246

9 3.26E-05 0.002905 0.002903

10 3.09E-05 0.002499 0.002499

11 2.69E-05 0.001471 0.001472

12 2.23E-05 0.001182 0.001181

13 1.30E-05 0.001009 0.001008

14 1.03E-05 0.000937 0.000937

15 6.19E-06 0.000382 0.000384

16 1.56E-06 0.000377 0.000375

score 0.000133 0.011353 0.011354

Simula5on$condi5ons:

•$tree$=$(((1:0.05,2:0.05):0.05,3:0.1):0.05,4:0.15)
•$1,000,000$sites
•$HKY$model:$!=4$π=(0.1,$0.2,$0.3,$0.4)

•$all$sites$share$same$history$(no$incomplete

$$$$lineage$sor5ng,$horizontal$transfer,$gene

$$$$duplica5on$and$loss,$etc.)

1

2

3

4

1

3

2

4

1

4

2

3

score = s
i

2

i=5

16

∑

=$“Frobenius$distance”$to$

nearest$rank$4$matrix



Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).

12 | 34

12 | 35

12 | 45

14 | 35

23 | 45













Suppose&we&infer&

these&quartet&

relaIonships&for&

5&taxa



Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).

12|34

12|35

12|45

14|35

23|45

1

2

3 4

5



Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).

12|34

12|35

12|45

14|35

23|45

1

2

3 4

5



Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).

12|34

12|35

12|45

14|35

23|45

1

2

3 4

5



Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).

12|34

12|35

12|45

14|35

23|45

1

2

3 4

5?



Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).

12|34

12|35

12|45

14|35

23|45

1

2

3 4

5



Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).

12|34

12|35

12|45

14|35

23|45

1

2

3 4

5

4&consistent&quartets,&1&inconsistent&quartet



Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).
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12|35

12|45

14|35

23|45
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3

2 4
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best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).
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12|35

12|45
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23|45
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3

2 4
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Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).
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Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).
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Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).

12|34

12|35

12|45

14|35

23|45

1

3

2 4

5



Handling&>4&taxa
Compute&invariant&scores&for&all&quartets,&choosing&the&

best&resoluIon&for&each&one.

Search&for&a&tree&that&minimizes&the&number&of&

inconsistent'quartets&(i.e.,&seek&a&soluIon&to&the&

Maximum&Quartet&Consistency&problem).

12|34

12|35

12|45

14|35

23|45

1

3

2 4

5

2&consistent&quartets,&3&inconsistent&quartet

Now$evaluate$the$remaining$13$trees$and$choose$the$one$

that$maximizes$the$number$of$consistent$quartets



Handling&>4&taxa

Must&use&a&heurisIc&algorithm&to&search&for&the&

best&tree:

• &The&default&in&PAUP*&is&a&heavily&modified&

version&of&“QFM”&(Reaz&et&al.,&2014)

• Other&algorithms&are&available&in&PAUP*&and&

elsewhere

• Unfortunately,&the&MQC&problem&is&NPUhard&

(i.e.,&exact&soluIon&will&be&slow&for&large&

numbers&of&Ips)

While&evaluaIon&of&each&possible&tree&might&work&well&

for&5UIp&trees,&the&number&of&possible&trees&for&n&Ips&

grows&too&quickly&to&make&it&a&general&strategy.



AllmanURhodesUEriksson&method&(ErikSVD)

Work&for&extremely&general&models:

Does&assume&that&all&sites&in&the&alignment&are&

independently&and&idenIcally&distributed&according&to&a&

general&Markov&model.

But:

•&No&assumpIon&of&staIonarity/ImeUreversibility!

•&No&assumpIon&of&homogeneity&over&the&tree!
Each$branch$may$have$its$own$transi5on$matrix,$or$even$

mul5ple$transi5on$matrices$along$the$same$branch.

Enables$inferences$about$the$tree$topology$to$be$made$without$having$to$

es5mate$the$parameters$of$the$underlying$model(s).

A$recent$improvement$by$Jesús$FernándezMSánches$and$Marta$Casanellas$

(Syst.$Biol.$2016):$Do$an$addi5onal$row$and$column$normaliza5on$to$reduce$

the$error$associated$with$low$counts$for$certain$entries$of$the$flaGening$

matrices$(“Erik+2”)



Ancestral&polymorphism&and&species&trees

DB CA



Ancestral&polymorphism&and&species&trees

DB CA

A B C D

Gene$tree$matches$species$tree



Ancestral&polymorphism&and&species&trees

A B C D
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Ancestral&polymorphism&and&species&trees

A B C D

New$muta5on



Ancestral&polymorphism&and&species&trees
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Ancestral&polymorphism&and&species&trees
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Ancestral&polymorphism&and&species&trees
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Ancestral&polymorphism&and&species&trees
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Ancestral&polymorphism&and&species&trees

A B C D

First

coalescence



Ancestral&polymorphism&and&species&trees

A B C D



Ancestral&polymorphism&and&species&trees

A B C D



Ancestral&polymorphism&and&species&trees

A B C D

Second

coalescence



Ancestral&polymorphism&and&species&trees

A B C D



Ancestral&polymorphism&and&species&trees

A B C D

Final$coalescence



Ancestral&polymorphism&and&species&trees

A B C D

A B C D

Gene$tree$conflicts$with

species$tree

“Incomplete&lineage&

sorIng”&(ILS)



The&mulIspecies&coalescent&model

• Independence&between&branches—coalescent&events&that&occur&

in&one&populaIon&are&independent&of&what&happens&in&other&

populaIons&within&the&phylogeny.&

• Panmixia—within&a&populaIon,&all&pairs&of&lineages&are&equally&

likely&to&coalesce.&

• Divergence&is&instantaneous&and&complete—no&gene&flow&

occurs&aver&speciaIon

• ILS&only—no&other&evoluIonary&processes&(e.g.,&horizontal&

transfer,&duplicaIon&and&loss,&.&.&.)&have&led&to&incongruence&

between&gene&trees&and&the&species&tree.

• No&recombinaIon&within&genes;&free&recombinaIon&between&

genes



Some&species&tree&methods&that&assume&

the&mulIspecies&coalescent&process

‣ Full$data$methods

• Fully$Bayesian$$(integrate$over$gene$trees$within$species$trees,$es5mate$posterior$

distribu5on$of$popula5on$sizes,$branch$lengths,$and$other$model$parameters$in$

addi5on$to$the$species$tree)

BEST$(Liu$and$Pearl,$2007;$Liu,$2008)$

*BEAST$(Heled$and$Drummond,$2010)

SNAPP$(Bryant$et$al.,$2012)

BPP$(Yang$and$Rannala,$2010)

• SVDQuartets$(Chifman$and$Kubatko,$2014,$2015)$

‣ Summary$methods$(start$with$es5mated$gene$trees)

•Methods$that$use$branch$lengths:

STEM$(Kubatko$et$al.,$2009)

STEAC$(Liu$et$al.$2009)

•Methods$that$only$use$topology$informa5on

STAR$(Liu$et$al.$2009)

Minimize$deep$coalescences$((PhyloNet;$Than$&$Nakhleh$2009)

MPMEST$(Liu$et$al.$2010)

STMABC$(Fan$and$Kubatko$2011)$

STELLS$(Wu$2011)

ASTRAL$(Mirarab$et$al.,$2014;$Mirarab$and$Warnow,$2015)



“Anomaly&zones”
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A B C D

y=0.01, x=0.01 Most$probable$gene$

tree$is$discordant

with$the$species$tree

hGps://www.asc.ohioMstate.edu/kubatko.2/SpeciesTreeEs5ma5on2017.pdf

https://www.asc.ohio-state.edu/kubatko.2/SpeciesTreeEstimation2017.pdf
https://www.asc.ohio-state.edu/kubatko.2/SpeciesTreeEstimation2017.pdf


Handling&incomplete&lineage&sorIng
Chifman&and&Kubatko&(2014,&2015)

When&Imes&between&species&divergences&are&short&(or&when&

populaIon&sizes&are&large),&the&history&of&individual&genes&may&be&

discordant&from&the&species&tree&topology&in&several&(or&many)&ways:

Expected$rank$of$flaGening$matrix$is$10$for$the$true$

species$tree$and$16$for$the$other$two$trees,$under

GTR+I+G$or$any$of$its$submodels!

SVDQuartets:



SVDQuartets

Does&not&need&to&assume&a&molecular&clock&

or&constant&populaIon&size

(Long$and$Kubatko$hGps://arxiv.org/abs/1701.06871)

A

B

C

D

1 ("s")

0.10.15

Θ=0.1

100$sites/locus

10,000,000$loci

(1,000,000,000$sites)

3X$increase$in$muta5on$rate)

But$more$data$needed$

to$achieve$the$same$level$of$accuracy

(the$price$of$generality)

FlaGening$for$true

split$s5ll$has$rank$10

https://arxiv.org/abs/1701.06871
https://arxiv.org/abs/1701.06871


SVDQuartets

A

B

C

D

1 ("s")

0.10.15

Θ=0.1

100$sites/locus

10,000,000$loci

(1,000,000,000$sites)

3X$increase$in$muta5on$rate)

But'more'data'may'be'needed''to'achieve'the'same'level'of'

accuracy'(the'price'of'generality)



SVDQuartets

Can&also&handle&migraIon&between&pairs&of&sister&lineages

(IM&model)

Long&and&Kubatko&2017&hgps://arxiv.org/abs/1710.03806

https://arxiv.org/abs/1710.03806
https://arxiv.org/abs/1710.03806


SVDQuartets
Chifman&and&Kubatko&(2014,&2015)

A&disadvantage:

‣ Perform$a$ML$op5miza5on$of$node$ages$and$theta,$maximizing$fit$of$observed$

to$expected$paGern$frequencies$under$a$mul5nomial$model

‣ Recently,$we$have$derived$equa5ons$for$compu5ng$the$first$and$second$order$

deriva5ves$for$node$ages$and$theta,$allowing$es5ma5on$of$sampling$variance$

via$the$Fisher$Informa5on$Matrix.

• No&esImates&of&node&ages&(branch&lengths)&or&theta&parameter

• But&we’re&working&on&that...

‣ Can$calculate$(analy5cally)$

expected$site$paGern$

probabili5es$as$a$func5on$of$

the$species$tree,$node$age,$

and$theta$parameters$by$

integra5ng$over$the$

coalescent$5mes$and$

summing$over$all$labeled$

histories$(Chifman$and$

Kubatko,$2015)
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SVDQuartets
Chifman&and&Kubatko&(2014,&2015)

A

B

C

D

1 ("s")

Node True age
Estimated

Age

Standard

Error

X 0.5 0.5206 0.0623

Y 1.0 0.9714 0.0822

Z 1.5 1.4980 0.1024

X

Y

Z

1,000$loci

sites/locus=50

theta=0.1

es5mated$Θ$=$0.101$(0.0044)

(need$to$test$bigger$trees)



ASTRAL

• For 4 species, the dominant quartet 

topology is the species tree [Allman, et al. 2010]

• For >4 species, the dominant topology 
may be different from the species tree 
[Degnan and Rosenberg, 2006]  

1. Break up input each gene tree into 
trees on 4 taxa (quartet trees) 

2. Find all (4
n) dominant quartet 

topologies 

3. Combine dominant quartet trees
Orang.

Gorilla Chimp

Human Orang.

GorillaChimp

Human

Orang.

Gorilla

Chimp

Human

Dominant

30%p1 = 30%p2 = 40%p3 =

Orang.

GorillaChimp

Human Orang.

Gorilla Chimp

Human

Orang.

GorillaChimp

Human

Orang.

Gorilla

Chimp

Human

Orang.

Gorilla Chimp

Human

Orang.

Gorilla

Chimp

Human
✓

n

4

◆

✓

n

4

◆

hGp://tandy.cs.illinois.edu/siavashMastral2MISMB.pdf

http://tandy.cs.illinois.edu/siavash-astral2-ISMB.pdf
http://tandy.cs.illinois.edu/siavash-astral2-ISMB.pdf


ASTRAL&with&>4&species

Find&the&species&tree&with&the&maximum&number&of&induced&

quartet&trees&shared&with&a&collecIon&of&gene&trees

humanchimpgorillaoranggibbon

humanorangchimpgorillagibbon

(human,chimp),(gorilla,orang)

(human,chimp),(gorilla,gibbon)

(human,chimp),(orang,gibbon)

(human,gorilla),(orang,gibbon)

(chimp,gorilla),(orang,gibbon)

Three&example&gene&trees&and&their&induced&quartets:
(trees$are$considered$to$be$unrooted)

(chimp,gorilla),(human,orang)

(human,gibbon),(chimp,gorilla)

(human,chimp),(orang,gibbon)

(human,gorilla),(orang,gibbon)

(chimp,gorilla),(orang,gibbon)

(human,orang),(chimp,gorilla)

(human,chimp),(gorilla,gibbon)

(human,orang),(chimp,gibbon)

(human,orang),(gorilla,gibbon)

(chimp,orang),(gorilla,gibbon)

humanchimpgorillaoranggibbon

Number$of$loci

with$this$tree
510 1



ASTRAL&with&>4&species

Resolved quartet Induced by tree(s) Weight

(human,chimp),(gorilla,orang) 1 10

(human,chimp),(gorilla,gibbon) 1,3 10+1=11

(human,chimp),(orang,gibbon) 1,2 10+5=15

(human,gorilla),(orang,gibbon) 1,2 10+5=15

(chimp,gorilla),(orang,gibbon) 1,2 10+5=15

(chimp,gorilla),(human,orang) 2 5

(human,gibbon),(chimp,gorilla) 2 5

(human,orang),(chimp,gorilla) 3 1

(human,orang),(chimp,gibbon) 3 1

(human,orang),(gorilla,gibbon) 3 1

(chimp,orang),(gorilla,gibbon) 3 1

Compute&the&total&number&of&Imes&each&resolved&

quartet&was&found&over&all&input&gene&trees



ASTRAL&with&>4&species

Find&the&species&tree&that&maximizes&the&number&of&

consistent&quartets&(a'la&SVDQuartets)

humanchimpgorillaoranggibbon

humanchimpgorillaoranggibbon

humanorangchimpgorillagibbon

score=10+11+15+15+15=66

(best(tree)

humangorillachimporanggibbon

score=0+0+15+15+15=45

score=1+5+15+15+15=51

score=1+1+1+5+15=23

Could$also$evaluate$11$more$species$trees$(have$to$search$over$all$unrooted$

species$trees,$including$trees$that$never$appeared$as$a$gene$tree)

For$each$species$tree$evaluated,$we$sum$the$weights$of$all$sa5sfied$quartets



ASTRAL

• Where$do$the$gene$trees$come$from?

That’s$your$problem!$Typically,$people$run$RAxML$or$IQMTREE$to$

es5mate$gene$trees.$$ASTRAL$is$a$very$fast$method$once$you$have$the$

gene$trees,$but$the$geneMtree$es5ma5on$typically$dominates$the$total$

run$5me.

• ASTRAL$makes$a$consistent$es5mate$of$the$species$tree,$as$long$as$the$

input$gene$trees$themselves$are$es5mated$using$a$consistent$method.$$

If$the$gene$trees$es5mates$are$biased,$there$is$no$guarantee$of$

consistency.

• Astral$provides$exact$and$heuris5c$algorithms$for$the$MQC$$tree$search.$$

The$exact$method$will$be$too$slow$if$there$are$very$many$5ps.

• Download$at:$hGps://github.com/smirarab/ASTRAL

https://github.com/smirarab/ASTRAL
https://github.com/smirarab/ASTRAL
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